In this paper we investigate a class of basic super-energy tensors, namely those constructed from Killing-Yano tensors, and give a generalization of super-energy tensors for cases when we start not with a single tensor, but with a pair of tensors.
Introduction
The Bel-Robinson tensor [1, 2] is a valuable tool in many mathematical formalisms involving the gravitational field, such as hyperbolic formulation [3, 4] of the Einstein field equations [5, 6] , the causal propagation of gravity [5, 7, 8] , the existence of global solutions of the Cauchy problem [9, 10, 11] and the study of the global stability of spacetimes [11, 12] . It was introduced for the first time to solve the lack of a well-posed definition of a local energymomentum for the gravitational field, since the Principle of Equivalence tells us that it is allays possible to choose a reference system along any timelike curve such that the gravitational field in this particular coordinate system vanishes and so does the gravitational energy density. The analogy between many of it's properties and those of energy-momentum tensor of electromagnetic fields has led many authors to look for similar super-energy tensors of fields other than the gravitational one [13, 14, 15, 16] .
Killing-Yano tensors, introduced by Yano [17] , are geometrical objects closely related with hidden symmetries [18] in pseudoclassical models for spinning particle. They have an important role in generating solutions for generalized Stäckel-Killing equations which in turn lead to new constants of motion [19, 20] . Concrete applications for Euclidean Taub-NUT space, pp-wave and Siklos metric can be found in [23, 24, 25, 26] . For the geodesic motions in the Taub-NUT space, the conserved vector analogous to the Runge-Lenz vector of the Kepler type problem is quadratic in 4-velocities, it's components are Stäckel-Killing tensors and they can be expressed as symmetrized products of Killing-Yano tensors [21, 22, 23, 27] . A particular class of Killing-Yano tensors, namely those covariantly constant which realize certain square roots of the metric tensor, are involved in generating Dirac-type operator and the generator of a one-parameter Lie group connecting this operator with the standard Dirac one [28, 29] . An investigation of spaces admitting KillingYano tensors based on covariant Petrov classification can be found in [30, 31] .
The paper is organized as follows: In Sec.2 is presented a short description of how the super-energy tensors can be constructed starting from an arbitrary tensor. In Sec.3 we investigate a particular class of super-energy tensors, namely those obtained from Killing-Yano tensors and write the Killing-Yano equations in terms of electric and magnetic parts. In Sec.4 we give an extension of super-energy tensors obtained not from a single tensor, but from a pair of tensors and present how this generalization is involved in construction of Runge-Lenz vector for Euclidean Taub-NUT space. Conclusions are given in Sec.5.
Preliminaries
In this section we briefly describe how, starting with an arbitrarily tensor field, an super-energy tensor can be constructed. An extensive and detailed presentation can be found in [15] . Be t µ 1 ...µm an arbitrary rank m covariant tensor.
Consider the set of indices which are antisymmetric with µ 1 , including µ 1 . This set will constitute a block of n 1 ≤ n antisymmetric indices which will be denoted by [n 1 ]. Take the next index of t µ 1 ...µm which is not in [n 1 ] and make a second block [n 2 ] containing n 2 ≤ n antisymmetric indices. This procedure have to be continued until each index of t µ 1 ...µm will belong to such a block. Thus, the m indices of t µ 1 ...µm have been separated in r blocks, each of them containing n Υ (Υ = 1, . . . , r) completely antisymmetric indices, with n 1 + . . . + n r = m. This way t µ 1 ...µm can be seen as a r-fold (n 1 , . . . , n r )-form which will be schematically denoted by t [n 1 ],..., [nr] where [n Υ ] specify the Υ-th block with n Υ antisymmetric indices.
Having all indices of t separated in r disjunct blocks of totally antisymmetric indices, a Hodge dual relative to each of these blocks can be defined as follows. Be t
a tensor with an arbitrary number of indices without any symmetry properties denoted schematically by {Ω}, plus a set of p ≤ n completely antisymmetric indices µ 1 . . . µ p . The dual of f relative to the µ 1 . . . µ p indices is defined as follows
where ⋆ is placed over the group of indices on which operation of tacking the dual acts. 
where
3 Super-energy tensor for Killing-Yano tensor
Starting with a Killing-Yano tensor, i.e. an antisymmetric rank two tensor which satisfies
we obtain the following expression for the associated super-energy tensor (4)
which, taking into account the antisymmetry of Y , turns out to be symmetric
} is not necessarily null. Also, the super-energy tensor does not depend on dimension of the underlying space.
The terms
Thus, a super-energy tensor obtained from a Killing-Yano tensor turns out to be the trace free part of a Stäckel-Killing tensor. We remember that for every rank two tensor T µν there is a covariant decomposition in an antisymmetric part
) and a part proportional with the metric tensor
The super-energy tensor (7), which we'll write T µν {Y [2] 
is not by itself a Stäckel-Killing tensor since
which in general does not vanishes.
Since the super-energy tensor for Y µν can be written [15] T {Y [2] 
it follows that if the starting Killing-Yano tensor
A rank r tensor Y µ 1 ...µr is said to be a Killing-Yano tensor if it is totally antisymmetric and satisfies
A rank r tensor K µ 1 ...µr is said to be a Stäckel-Killing tensor if it is totally symmetric and satisfies
The following contraction
is a rank-2 Stäckel-Killing tensor. The super-energy tensor for the Killing-Yano tensor Y µ 1 ...µr is
Since (14) is the trace free part of K.
We saw that the super-energy tensors of the various rank Killing-Yano tensors are trace free parts of some Stäckel-Killing tensors. If a trace free Stäckel-Killing tensor of rank two can be written as
i.e. it is required to be the super-energy tensor of some 2-form F , the starting 2-form F must satisfies
In a more compact form eq. (16) reads:
where curly braces specify a summation over the circular permutations of enclosed indices. If for a Stäckel-Killing tensor K is required to be the super-energy tensor of a p-form with p ≥ 2
eqs. (16) becomes:
where +(-) sign is for even(odd) rank F tensors. It is easy to see that the super-energy tensors obtained from covariantly constant Killing-Yano tensors (F ρ 1 ...ρ p−1 ρp;µ = 0) are trace free Stäckel-Killing tensors, not only trace free parts of some Stäckel-Killing tensors (which in general are not by themselves Stäckel-Killing tensors). For Stäckel-Killing tensors which are the super-energy tensors of some pforms we have the following properties (which derives from general properties of super-energy tensors).
For any causal, future-oriented vectors u 1 , u 2 we have DSEP (dominant superenergy property)
when the strict inequality holds provided that Y [2] is not null. As a particular case for DSEP, super-energy density for Killing-Yano tensor Y [2] can be obtained. Super-energy density of Y [2] relative to temporal vector u, denoted by W Y ( u), is defined by
and is non negative. Moreover, if W Y ( u) = 0 for some u than T µν {Y [2] } = 0 which implies Y µν = 0. Eq. (20) is important in the following context. It is known that the geodesic motion i.e.
= 0 admits a quadratic first integral
provided that the symmetric tensor K µν satisfies the Stäckel-Killing equation K (µν;λ) = 0. Hereẋ µ denote the derivatives of coordinate functions in respect with the affine parameter of geodesic.
It follows from (20) that if we consider Stäckel-Killing tensors which are the super-energy tensors of some p-forms than (21) provide a nonnegative first integral. Even if super-energy density have the mathematical properties of an energy density, it haven't always the physical dimension and signification of a energy density, this fact depending of the starting tensor. Relative to a orthonormal coordinate basis ǫ a such that ǫ 0 = u, we have
If the positive metric h µν relative to u is introduced as
then the super-energy density for Y [2] relative to u can be written
Since the divergence of T {Y [2] } is
it follows that if Y is covariantly constant (Y ab;µ = 0) than
Eq. (26) can't lead by itself to an integral conservation law since there is no general Gauss law for rank two or higher tensor fields. Anyway, if the space admits a Killing vector field i.e. a vector field ξ µ for which ξ (µ;ν) = 0 and if (26) holds, we have the following local conservation law (T µν {Y [2] }ξ ν ) ;µ = 0 (27) which via Gauss theorem for vector fields can lead to an integral conservation law. Moreover, if T r(T µν {Y [2] }) = 0, than a conformal Killing vector field is sufficient in order to have the above conservation law.
Killing-Yano equations
As Y is a simple 2-form, i.e. can be written as a wedge product of two 1-forms, we have a single Hodge dual: 
If u is covariantly constant, the electric part 
The magnetic part of Y relative to the temporal vector u is 
Both the electric and magnetic part of Y are 4-vectors. Apparently they have together 8 independent components. Anyway, since each of them is orthogonal on the chosen temporal vector field u, the number of independent components is reduced to 6, as is necessary to univocally determine an antisymmetric 4 × 4 tensor, as Killing-Yano tensor is. Taking into account (35) and that η µνλρ = √ −g∆ µνλρ implies η µνλρ;α = 0, where ∆ µνλρ is the Levi-Civita pseudotensor, the Killing-Yano equation (6) can be written in terms of Y 's electric and magnetic parts as
These equations have to be considered together with the orthogonality conditions between electric, respective magnetic parts of Y and the vector field u, namely
There is no need to impose the antisymmetry condition Y µν = −Y νµ in terms of 
If u would be chosen such that u λ ;µ = 0, eqs. (33) would have a more simplified form. Such a choice is not always possible since when the metric is required to be a solution of Einstein equations for empty space, a covariantly constant vector field is a null type one, or the metric is flat, or in the definitions for electric and magnetic parts a temporal vector field in required. Also, the equations would become simpler if u is chosen a to be a Killing vector field. If u is covariantly constant, the Killing-Yano equations (33) becomes 
where +(−) sign is for the selfdual (anti-selfdual) case.
Super-energy tensor for a pair of simple 2-forms
Be A and B two simple 2-forms (A (ab) = A ab respective B (ab) = B ab ). We note
It is manifest that X and Y are also simple 2-forms, so that the corresponding super-energy tensors can be immediately written:
Analogously,
If we take as definition for the super-energy tensor of a pair of two simple 2-forms A and B T µν {A [2] , B [2] 
we obtain
If the two 2-forms A and B are taken to be equal, than (42) resemble the standard way of constructing the super-energy tensor of a simple 2-form. Since every term in r.h.s. of (42) be used to construct a super-energy tensor for a pair of two r-fold forms which have the same structure of indices blocks, i.e. both have the same number of blocks and the same number of indices in corresponding blocks. Anyway, the formulas are rather complicated and we don't give them here.
Since from (9) the following alternative form of the super-energy tensor (42) can be derived
it follows that if the starting 2-forms are simultaneously selfdual or antiselfdual the super-energy tensor becomes
while in case when they are one selfdual and the other anti-selfdual the superenergy tensor vanishes.
Application for Euclidean Taub-NUT space
In a special choice of coordinates the Euclidean Taub-NUT line element takes the form
with V (r) = 1 + 4m r . There are four Killing vectors for metric (45)
where the first three are covariantly constant, while the last one has only one non-vanishing component of the field strength
For the Taub-NUT metric there is a conserved vector, analogous to the Runge-Lenz vector of the Kepler type problem
where the conserved energy is
Taking A = f (y) and B = f (i) in (42) and observing that the last term, being proportional with metric tensor, leads to trivial constants of motion and can be dropped out, we obtain the following three nontrivial Stäckel-Killing tensors 
An explicit evaluation [23] shows that the components of the Runge-Lenz vector (53) can be written in terms of the geometrical objects (55), (46)
Conclusions
In this paper we have investigated a class of basic super-energy tensors, namely those constructed from Killing-Yano tensors. We found that they are trace free parts of some rank two Stäckel-Killing tensors and determined the conditions for these super-energy tensors to be trace free Stäckel-Killing tensors not only trace free part of some Stäckel-Killing tensors. We have also investigated the special cases when the Killing-Yano tensors are covariantly constant, self-dual and antiself-dual. An alternative form for Killing-Yano equations in terms of electric and magnetic parts of the Killing-Yano tensor was written. We have also introduced a generalized definition of super-energy tensors for cases when the starting object is not a single tensor, but a pair of tensors, which we used to obtain an analogous of the conserved Runge-Lenz vector from Keppler problem in an Euclidean Taub-NUT space.
